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Abstract

In this paper we proposed a new neurodynamic model with recurrent learning process for solving ill-condition
Generalized Eigenvalue Problem (GEP) A x = A B.xour method is based on Recurrent Neural Networks (RNN) with
customized energy function for finding smallest (largest) or all eigenpairs. We evaluate our method on collected structural
engineering data from Harwell Boeing collection with high dimensional parameter space and ill-conditioned sparse
matrices. The experiments demonstrate that our algorithm using Adam optimizer, in comparison with other stochastic
optimization methods like gradient descent works well in practice and improves complexity and accuracy of convergence.

Keywords: Recurrent Neural Network (RNN), Eigenpairs, Adam optimizer, Positive definite matrix, TlI-
condition.

1 | Introduction

Generalized Eigenvalue Problem (GEP), is one of the most important problems in numerical linear

algebra. The generalized eigenvalue is a handy and versatile mathematical tool that provides

>

Licensee Big information about the cotrelation of linear transformations [1]. It>s importance

Data and Computing used in a lot of engineering problems, for example in structural engineering, most of machinery

Vision. This article is an . . . . . .
i vibration problems is GEP of mass and stiffness matrices. In these cases, we come across a symmetric
open access article

distributed under the

terms and conditions of

positive definite GEP of the form A x = =, wheBesA and B are symmetric, and at least one of them
is positive definite. One elementary method for finding eigenvalue and eigenvectors of GEP is using

the Creative Commons characteristic equation (d 4 —A B=0) but except special cases it is not desired because we can
Attribution (CC BY) not obtain the coefficients of characteristic equation by computing determinant or other numerical
license methods specially for large matrices. There are solutions with acceptable results, like Krylov subspace

(http//ereativecommons. | method that projects matrices to low dimension space for achieving reduced computation cost and

org/licenses/by/4.0). better performance [2]. Inner-outer iteration method in [3] presented an algorithm with remarkable

fast convergence. The method is based on using inverse vector iteration method and solving the

resulting system with the help of Krylov subspace methods.
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Neural network approach for eigenvalue problem employs a Recurrent Neural Network (RNN) and it
exploits the continuous time error backpropagation learning algorithm [4]. In [5], [6] and [7]
neurodynamical methods are proposed for solving constrained complex-variable convex and pseudo
convex optimization. Neural dynamical method is a possible and promising approach to solve
optimization problems with high dimension and complex structure in real time [8]. Mathematical
interpretation of the neural network method for the optimization is usually transformed into an
Otrdinary Differential Equation (ODE) and called the neurodynamic optimization approach [9].
Cichocki and Unbehauen [4] supposed nonlinear dynamic system for solving Otrdinary Eigenvalue
Problem (OEP) with high computation performance and parallel processing ability. They find all the
eigenvalues and the associated eigenvectors simultaneously by training the network to make some target
patterns. the optimization process in [4] must be repeated in many times with different initial conditions
for finding all eigen pairs. In [4] the performance and convergence behavior of the proposed neural
networks architectures are investigated by extensive computation simulations.

Many RNNs for Ax = poolem have been reported which used neurodynamic optimization
approach. [10] proposed the following continuous RNN to solve GEP

d xd t=xTAx B=xxTB x Ax (1

Liu et al. [10] first introduced some assumptions, such as A, B are real symmetric matrices, B is positive
definite, and both the algebraic and geometrical multiplicities of the largest and smallest generalized
eigenvalue equal to 1. Feng et al. [11] proved that the proposed neural network in [10] is capable of
computing all generalized eigenvalues of GEP. Based on more general assumption, they not only proved
that the limit of state solution of the RNN exists, but also proved that the state solution converges to a
generalized eigenvector. Moreover, it was shown that the related generalized eigenvector depends on
the choice of the initial point. There is a lot of works that focused on computing largest or smallest
cigenvalue of symmetric positive definite matrix. Yi et al. [12] studied this problem and developed to
compute eigenvectors of any real symmetric matrix. The proposed model of neural network described
by differential equations. It is a model of RNNs that have asynchronous parallel processing ability and

can achieve high computing performance. The dynamics of the proposed neural network model is

described by

X(t) = —x(t) + £(x(1)),

@
f(x) = [xTx Al—(l—xTAx)I]x wherAd s y mme.t ri ¢

x = [x1,%p, ..., x,]T € R" represents the state of the network, I, is the n X n identity matrix .Clearly, this

is a class of RNNs. Dynamicn behavior of Eg. (7) plays a crucial and important part to its applications.
equilibrium point for the model satisfies that —x + f(x) =0 .ie.

xTx Ax xTAx x 0. (3)

Since A is a symmetric matrix, then there exists an orthonormal basis of R" composed by eigenvectors
of R". Supposing A; (i = 1,...,n) as eigenvalues of A and V;(i = 1,...,n) as the corresponding
eigenvectors that compose an orthonormal basis of A. Then, for any x € IR” it can be represented as

X = E?:l ZiVi. (4)
N x(0)Tx(0)

x(t) = Z

2x(0)Tx(O) (M-
i=1 QE]'nzl ij(O)e XOXO-N)t

z;(0)v;. (5)

where z; (i = 1,.,n) are some constants. Yi et al. [12] proved Eg. (7) dynamic model converges to
eigenvector and eigenvalue of matrix.
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° Most of introduced methods in [3], [4], [10], [11], [12], [13] and [14] d 1 d n’ t provide
verifications for solving GEPa r 1 s e in real engineering applicat.i

and ill condition data. In This paper we use ill condition matrices for verifying results. We propose
BIG DATA nonlinear dynamic system using RNN and Schur decomposition for solving GEP. We use Adam method
for optimization of the RNN energy function and results are investigated for structural engineering data

85 of Harwell Boeing Collection [15].

The rest of this paper organized as follows. In Section 2 we explain RNN of [4] for finding eigenpairs of
OEP. In Section 3 we present our method for solving GEP using Adam optimizer. In Section 4 we explain
how to change neurodynamic model for computing largest (smallest) eigenpair. In Section 5 we indicate
results of executing RNN on matrices of structural engineering and Section 6 summarizes some
conclusions.

2 | RNN for Finding Eigenvalues and Eigenvectors of A x= A x

In this section we present neurodynamic model in [4] which we use it in our algorithm. Assume that A, is
eigenvalue and V; = [0y, 0y;, ..., 0, ] # 0 is associated eigenvector (refetred to as an eigenpair) of a real
matrix A € R™". We can find the solution of the set of nonlinear algebraic (A-AI)V; =0( =12, ..,n)
equations by using the penalty method that formulate the cost function as follow:

1 k 2
E(Vi, )\1) = E 2112:1 elz( + E (Elnzl ij T 1) s (6)
n
ex = E axyj v Mvki @
=1

Where K > 0 is the penalty parameter. Cichocki and Unbehauen [4] used gradient descent algorithm for

minimization of the cost function in Eg. (6) with respect to the variables A; and v; {j = 1,2..... n).
an _ _ OF
dt H o) ?\i’
And
t H BV] Y

So, we have

[N

A

== U XR=1€1Vk ®)
dvj i n A k n 2 1 (9)
FrELs [Ekzlekak 7 Ay + kv (B v ¢ )]

3 | Computing All Eigenpairs of (A, B) by RNN and Adam
Optimization

A new neurodynamic model with adam optimization method for solving generalized eigenvalue problem

In this Section we propose a new method for solving GEP problem, in this sense We change the
architecture of RNN and replace gradient descent method with Adam (adaptive moment estimation)
optimizer in [16] which works well with sparse gradients and non-stationary settings. In the Adams method,
magnitudes of parameter updates are invariant to rescaling of gradient, its step sizes are approximately
bounded by the step size hyper parameter, it does not require a stationary objective, it works with sparse
gradients and it naturally performs a form of step size annealing [106].



Our method find eigenpairs without computing inverse of B in such a way that works with a new RNN
based on combining Cholesky decomposition of B and Schur form of B. In the following we explain
details of method.
We can define the GEP problem for symmetric matrices A € R™" and B € R™".

AXi = )\iBXi Vie {1,2, ,n}.
Matrix form of this equation is

AX=AB X
Columns of X ={xy,xp,..,%,},X € R”" are eigenvectors and diagonal elements of A=
d i {dgAy, ..., Ay}, A € R are eigenvalues such that A; € R, x; € R". Itis clear that eigenvalue problem
is special case of GEP with B = I.

Now we recall a theorem that we use it later in our proposed method for finding eigenpairs of (A, B).

Theorem 3.1. The symmetric GEP problem has real eigenvalues and corresponding linear independent
eigenvectors [2].

Since B is symmetric positive definite, it admits Cholesky decomposition:
B=MM".
So, from
AX=AB X
We have
A X= AMMTX.
Which gives
MTAMDHIMIX = AMTX.
So, we have
C V= AV, where V= MTX. (10)
The matrix C=B1A=M"1A (M) is symmetric therefore A is real. The assertion about the
eigenvectors is obvious, because a symmetric matrix has a set of n independent eigenvectors [2]. We
should note that the computation of M is not easily possible, we use following method for finding
M and MT).
We compute the real Schur form of B and order the eigenvalues of B from smallest to largest
UBU=D=di dg..,dn). (11)

Then Form

M:Uﬁ:Udi@@;M%m. (12)
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Since U is orthogonal that means U™! = UT so we have

_ (D%)T_
(MT)~1 = <(D§)_1UT> =u(p?). (14)

According to Egq. (10) deduction for Vi € {1,2, ..., n} it is clear that A; as eigenvalues of Cv; = A;v; are equal

-1 1 -1

M-1 = (UD§) U= (D%) uT, (13)

to the eigenvalues of (Ax; = A;Bx;) and eigenvectors of pait (A, B) can achieve by following relation:

1o\t 1
Xj = (DZUT) Vi = UD2 Vi.

Now we define a RNN with Adam optimization method for solving Cy = Ay which finds all the
-1

1 1! T
eigenvalues and associated eigenvectors on-line. For C = (Di) urA ((DZ) UT) , suppose matrices V

and A which fulfil the eigenvalue decomposition C = V AV~ where A =d i (d4gA,, ..., A,) is the diagonal
matrix so that the elements are the eigenvalues of C and the columns v; (i = 1,2, ..., 1) of the matrix V =
(01,7y, .., v,) are the cotresponding eigenvectors. the matrix V is orthogonal, i.e, V1 =VTo ¥TV =
VVT =1 [9]. In order to compute the desired matrices V and A we extend presented neurodynamic model
in [1] which is RNN with two branches. One branch realizes the eigenvalue decomposition C = V AV
and the other branch fulfils the requirement V' = VT o #TV = VVT = [. The network is driven by the
excitation vector % = (%;,%,,..,%,)" which contains a set of stochastic independent input signals (e.g.,

orthogonal signals or mutually uncorrelated random (noise) sources). The error vectors of energy function

are:
T=f-p. (15)
T=f-5s (16)
Where

11 1,71 T
C= (Dz) UTA ((Dz) UT) . (17)

f=Cx,p=Vr=VAg=VAVTX,

f=Xs=Vg=VVix
The energy vector function is

E = [El,Ez, ,En ],

A=di \ghy ., Ay),

V= (Vl,Vz, /Vn)'

1 _ 2\ .
Ei(vi,A) =5 (Z P+ k30, 7F) (1=12,..,n). (18)
Whete
T =fi-pi= PHETSPIEDHEREE (19)
T=h-si=%- 21 Vi §j- (20)
n

Vi Xj. (21)

X))

&j



For proposed energy function in Eq. (77) following differential Egs. (27) and (22) are gradient of energy
function w.r.t eigenvalues and eigenvectors.

OE;

I (2k=1TkVi ) 8i- (22)
aEi n — ~ n ~ ~ .
v j: [Zk:l TiTj — ijgj + k(zkzl TV )xi] (G=12,..,n). (23)

Now we are ready for the main algorithm of this paper, which is combination of constructing C matrix
by Egq. (17) and Adam optimizer based on Egs. (27) and (22) as gradients of energy function w.r.t to
eigenvalues and eigenvectors, this resulting algorithm is:

Algorithm 3.1: Finding all eigenpairs of A X = AB Xbased on Schur form of B and Adam Optimization
method. default settingsate . = 01.=0 M 1 590,989 £1d € = 1078. All operations on vectors are element-
wise. With ﬁlt and ﬁzt we denote By and B, to the power t.

Require: A, B matrices of GEP

Require: U, D from Schur decomposition of B (UTB U= D)

Require: « (Step size)

Re qui r €0,1) Edponentalecay rates for the moment estimates)

Require: E;(v;, A;) energy function of Eq. (17) (with parameters vi, \{ 3 = 1,...,1n))
Require: v = (Vg 1V 2, Vgn) as eigenvector and Aq as eigenvalue (Initial parameters)

1,1 1,71 T
c—(p2) UTA ((Di) UT)
My < 0 (Initialize 1st moment vector)

So—= 0 (Initialize 2nd moment vector)
t < 0 (Initialize timeste?p)

In parallel for i’ th BEW¥,dment of energy vectort
While v;, A; not converged do
t — t + 1
d)«— % (Get gradients w.r.t. stochastic objective at timestep t)
M), < B1 - M, + (1 - B) .d,, (Update biased first moment estimate)

Sy < B2 Sy + (1=pB;) . dy, 2 (Update biased second raw moment estimate)
1\7[)\i<—M;\i/(1—B1t) (Computebiasc ot t ect ed first moment est
S NSyl (1 - th) (Compute bias-corrected second raw moment estimate)

A=A — lgd)\'i/ (\/g)\i + €) (Update parameters)

In parallel for jvyyda h el ement of eigenvect
JE; . . . .
dVi<].— P > (Get gradients w.r.t. stochastic objective at timestep t)

My, =B My, ij+ (1-By).dy, (Update biased first moment estimate)

Sy j— B2 Sy + (1-py) .dy, ? (Update biased second raw moment estimate)

li\/[‘,i<].—MVi (1—[31t) (Compute bias<c o r + e ct ed fit st moment
gvi D Sy, / (1 - 5;) (Compute bias-corrected second raw moment estimate)

Vi Vija 1\7[Vi/]. (\/gvi it €) (Update parameters)
end
end
end

A — {A)L (eigenvalues of Ax = ABX)

1 -1o"

X « {Xi = (D EUT) Vi} (eigenvectors of AXx = AB Xs.t {v;}iL; are eigenvectors of C v=Av)
i=1

return (A, X)

The algorithm updates exponential moving averages of the gradient (M Ai'Mv,-)j and squared gradient
(SrirSop) where hyper-parameters 8 18 2€ [0,1) control the exponential decay rates of these moving

average.
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4 | Computing the Largest (Smallest) Eigenpair for (A, B)

In some applications like signal processing, it is satisfying that we find largest or smallest eigenpair of GEP.
We use generalized Rayleigh quotient in our neurodynamic model and it changes the form of optimization
problem [17]. Following formula is defined for Rayleigh quotient of (A, B) pair

_VTAV
T VvTB v

(24

Since = B v=A B pEq. (26) shows that A

eigenvalues of (A, B) pair. According to above deﬁmtlon, finding the smallest and largest eigenvalue for

nS g < Ay. Values of A, and Ay are smallest and largest

A x= A B xan done by minimizing function in Eg. (30).

<AVV) +v TAv

<B w) ~ vIBv

R dv) = (25)

So,

we can suppose following optimization model. From previous section we have that

11 11 T
C-= (DE) UTA ((Dz) UT) .
. 1
mi ni rﬂf(v)z:eJ_rEVth

s {C-ADv=0
viv-1=0.

Whete v = (v1, 0y, ..., 0,);

(26)

Now we reconstruct recurrent network of Section 3:

W 2
E(v, A) = %[i@VtC v Sy ef + (S v - 1) ] @)

n

ex = E Cx Yi— )\Vk. (28)

=1

Where w > 0 and 0 > 0 are penalty parameters and we achieve following differential equation for RNN:

E  wn
51 = 2k=1€kVk- 29)
JE .

P [+6 2k=1Cj ¥k + Xk=1€xCk j Aej + wv; (Ek (VE- 1) i] wi tvh0) # 0. (30)

]

Negative sign of 0 is for largest eigenvalue. For preventing large values for w and obtaining high accuracy
in final result, @ parameter is decreased gradually. Smallest (largest) eigenvalue of C is equal to Smallest

(largest) eigenvalue of (A, B) and corresponding eigenvector of (A, B) can achieve by multiplication of
1 -1
(DE UT) to converged eigenvector. We changed algorithm 4.1 and resulting algorithm for finding smallest

(largest) eigenpairs of Ax = A B xis:

Algorithm 4.1: Finding smallest (largest) eigenpaits of A x = AB xbased on Schur form of B and Adam
Optimization method.d e f a ul t s et t iR gG P dhde==10-8601A1B o
vectors are element-wise. With ﬁlt and ﬁzt we denote 1 and B, to the power t.




Require: A, B matrices of GEP

Require: U, D from Schur decomposition of B (UTB U= D)

Require: « (Step size)

Re qui r €0,1) Edponentalecay rates for the moment estimates)

Require: E;(v;, A;) energy function of Eq. (17) (with parameters v;, A; i = 1,...,n))
Require: vy = (Vg 1V 2., Vgn) as eigenvector and A as eigenvalue (Initial parameters)

c (i) vra (o)) vr)

Mo < 0O (Initialize 1st moment vector)
So«—= 0 (Initialize 2nd moment vector)
t «— 0 (Initialize timestep)

-1

While v;, A; not converged do
t — t + 1

JE; . . .. .
d)— a—)\‘ (Get gradients w.r.t. stochastic objective at timestep t)

M, «B; - M, + (1 - By) .d, (Update biased first moment estimate)
Sy < Bp Sy +(1-B,).d,2(Update biased second raw moment estimate)

1\7[)\<—M)\/(1—[31t) (Compute bias<c or r+ ect ed first moment est
S =Sy / (1 - ﬁzt) (Compute bias-corrected second raw moment estimate)

A=A - 1\/0\(1);/ (\/g)\ + €) (Update parameters)

In parallel for jyyda h el ement of eigenveec
JE; . . L .
dV]x— a—V]‘ (Get gradients w.r.t. stochastic objective at timestep t)

Mv]~ — By MV]_ +1-p1) .dVj (Update biased first moment estimate)
Sy, ;e By - SVj +(1-By). dv]. 2 (Update biased second raw moment estimate)
1\7[Vj<—MVj/(1—[31t) (Compute bias<c o r + e ct ed firt st moment

a t . .
SV].<— SV]. / (1 - B ) (Compute bias-corrected second raw moment estimate)

Vi Vi~ a 1\7[Vj/ (\/gvj + €) (Update parameters)
end

end
Ama x & {AJL;  (cigenvalues of Ax = AB X

1 -1
X (D EUT) V (eigenvectors of A x = AB xs.t v is smallest (latgest) eigenvectots of C v=Av)

return (A, xX)

5 | Computer Simulation Results

For investigating performance of presented algorithms we use different collected data from Harwell
Boeing collection. We evaluate our method for GEP of structural engineering problems like lumped
mass, transmission tower, TV studio and buckling of a hot washer. In the following reports, we indicate
results of executing RNN on GEPs with high condition number matrices. The ability of changing hyper
parameters of RNN makes better performance and accuracy in convergence to eigenpairs of various
GEPs. Exemplary computer simulation results are shown in following.

Table 1 to 4 give matrix statistic items of selected ill-condition GEPs. Fig. 7 to § show the convergence
of algorithm for each of the problems. We apply the algorithm with random initial condition and

adjusted hyper parameters (o« = 0.001,8 =09, 20999,e= 10 —-8) to find correspon

Number of required iterations to achieve a desired accuracy, i.e 107, is shown in Table 5. In order to our
results, as we can see in Table 5, presented algorithm is able to find a more accurate solution in a much
shorter computing (optimization) time in comparison with Stochastic Gradient Descent (SGD).

BIG DATA

90

Ganjalipour et al. | Big. Data. Comp. Vis. 1(2) (2021) 83-95



Table 1. Statistics of lumped mass problem matrices in Ax=ABx.

Eigen Pair Matrix A: BCSSTKO6 from Harwell Boeing Matrix B: BCSSTMO06 from Harwell Boeing
Matrices collection collection
Size 420 x 420, 4140 entries, real symmetric positive 420 x 420, 420 entries, real symmetric positive
definite definite
91 Non-Zeros total | diagonal | below diagonal | above diagonal | A-A’ total | diagonal | below diagonal | above diagonal || A-A’
7860 420 3720 3720 0 420 420 0 0 0
Condltlonlng Frobenius norm | 2.1e+10 | condition number (est.) | 1.2e<07 Frohenius norm | 6.7e+04 | condition number (est.) | 3 5e+06
2-norm (est.) | 3.5e+09 |  diagonal dominance | no Inorm (est) | 7.6e<03 ) diagonal dominance | ves
10000

8000 4
6000
4000 -
2000 4
04

0 10 20

Fig. 1. Eigenvalue convergence of lumped mass problem.

lel0

2.0 1
1.5
1.0 A
0.5 4
0.0 4
—0.5
-1.0 4
—1.5

10 20 30 40 50

(=]

Fig. 2. Eigenvector convergence of lumped mass problem.

Table 2. Statistics of transmission tower problem matrices in Ax=ABx.

A new neurodynamic model with adam optimization method for solving generalized eigenvalue problem

Eigen Pair Matrix A: BCSSTKO5 from Harwell Boeing Matrix B: BCSSTMO5 from Harwell Boeing

Matrices collection collection

Size 153 x 153, 1288 entries, real symmetric positive 153 x 153, 153 entries, real symmetric positive semi-

definite definite

Non-Zeros total | diagonal | below diagonal | above diagonal | A-A’ total | diagonal | below diagonal | ahove diagonal | A-A®
2423 153 1135 ws| o 153 153 0 0

Condmonmg Frobenius norm || 2.2e+07 | condition number (est.) || 3.5e+04 Frobenius norm | 4.7 | condition number (est.) | 13

2-norm (est.) | 6.2e+06 diagonal dominance | no 2-norm (est.) | 0.93 diagonal dominance | ves




7000 A

6000

5000 A

4000

3000 A

2000

1000

0 10 20 30 40 50

Fig. 3. Eigenvalue convergence of transmission tower problem.

lel5
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0.5
0.0
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Fig. 4. Eigenvector convergence of transmission tower problem.

Table 1. Statistics of TV studio problem matrices in Ax=ABx.
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Eigenpair Matrix A: BCSSTKO8 from Harwell Boeing Matrix B: BCSSTMO08 from Harwell Boeing

Matrices collection collection

Size 1074 x 1074, 7017 entries, real symmetric positive 1074 x 1074, 1074 entries, real symmetric positive

definite definite

Non-Zeros total || diagonal || below di 1 | above di 1| &-a total | diagonal | below diagonal | above diagonal | a-a'
12960 1074 3943 3843 0 1074 1074 0 0 0

Conditioning  [Frobeniusnorm | 1e+11 | condition number (est.) || 4.7e=07 Frobenius norm || 2.32-06 | condition number (est.) | §.3e-06

Z-norm (est) | 7.7e-10 | diagonal dominance | no 2-norm (est.) | 14606 |  diagonal dominance | vyes

6000 | rﬁ

5000 +
4000 4
3000 4
2000 +

1000 4

T T T
0 10 20 30 40 50

Fig. 5. Eigenvalue convergence of TV studio problem.



lell

T
0 10 20 30 40 50

Fig. 6. Eigenvector convergence of TV studio problem.

Table 4. Statistics of buckling of a hot washer problem matrix in Ax=ABx.

Eigenpair Matrix A: BCSSTKI10 from Harwell Boeing Matrix B: BCSSTM10 from Harwell Boeing

Matrices collection collection

Size 1086 x 1086, 11578 entries, real symmetric positive 1086 x 1086, 11589 entries, real symmetric positive
g definite semi-definite
3]
% Non-Zeros total | diagonal || below diagonal | above diagonal | A-&" total || diagonal | below di 1 || ahove di 1| a-a
a
g 200 1086 10422 10492 0 22070 1086 10492 10492 0
g Conditioning Frobenius norm | 3¢-08 | condition number (est.) | 1.3e-08 Frobenius norm | 3e-08 | condition number (est) | 1.3¢-06
o0
_E 2-norm (est,) | 4.3¢=07|  diagonal dominance | 10 2-norm (est.) | 4.5e=07|  diagonal dominance | no
s
=
-
Q
g 40000
&0
=]
g
% 30000 A
1]
i
£
"g 20000 |
=
-
Q
=
= 10000 -
=]
=]
<
N
£ g
- T T T T T T
8-‘ 0 10 20 30 40 50
g Fig. 7. Eigenvalue convergence for buckling of a hot washer problem.
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>
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: TR
g

—0.54
B
Q
S
< -1.01
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Fig. 8. Eigenvector convergence for buckling of a hot washer problem.



Table 5. Summary of results with adjusted optimization hyper parameters.

Problem Optimizer Hyper parameters Error and Iteration
1 E m8mnmy
Adam rpe E m8w e=107
rc¢ E m8wc. .
cE pmMu iteration = 21

Gradian  M=0.001 e=107

Descent K =40 . .
iteration = 38

E nm8mmy

1 —

[ p E T8 w e=107
Adam N

r¢ E msw iteration = 18

cE pmMy -

Gradian  M=0.001 e=107

D t K =40
eseen iteration = 29

E nm8mmy

1 _

am <
rs E T8 iteration = 27
eE pmMuy B

Gradian  M=0.001 e=107

Descent K =40
eseen iteration = 50

E nm8mmy

1 _
Adam, [ p E ngw 107
L Ec pEn |*1/|T f W€ teration = 44

Gradian  M=0.001 e=107

Descent K =40 . .
iteration = 63

6 | Conclusions

In this paper we used new neurodynamic model for solving GEP. We used Schur QR decomposition

algorithm merged with presented neurodynamic method. Resulting new RNN computes all eigenpairs

or largest(smallest) eigenvalue and corresponding eigenvector. We evaluate our method on collected

structural engineering data from Harwell Boeing collection with high dimensional parameter space and

ill condition sparse matrices. Our results demonstrate that Adam optimizer, with increased penalty

parameter of energy function, in compare to other stochastic optimization methods like SGD works

well in practice and improves complexity and accuracy of convergence.
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