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Abstract

Sub-attribute-valued sets are occasionally viewed as more significant in real-life circumstances than a single set of
attributes. The current models that deal with ambiguity and uncertainty, or soft sets, are insufficient to address such
situations. To adequately fit the current models for multi-attributive sets, the hypersoft set, an extension of the soft set,
has been developed. The multi-argument approximate function takes the place of the soft sets' approximate function.
Many academics have recently focused on convexity in uncertain environments or soft and fuzzy structures. This paper
examines the traditional concepts of (0, p)-convex and (0, f)-concave sets in a hypersoft set context, discussing their
fundamental inclusive features and set-theoretic operations. Furthermore, traditional notions of first and second senses
for convexity are applied to suggested convex structures to provide more broadly applicable outcomes for ambiguous
situations.

Keywords: Soft set, Hypersoft set, Convex hypersoft set, Concave hypersoft set, (6,8)-convex hypersoft set, 52A20,
52A07, 52A99.

1 | Introduction

L B The idea of a soft set (S5O-set) was introduced by Molodtsov [1] in 1999 as a parameterization tool for
1
eensee 218 fuzzy set-like models [2]—[5] that cope with uncertain data. This set uses an approximate function with

Data and Computing ) ) . .

Visions. This article is an | 2 multi-valued input that transfers a single set of parameters to the collection of subsets of the set
open access article under consideration. The researchers [6]—[13] have examined the fundamentals of s-sets. The authors
distributed under the [14]—[16] produced the hybridized structures of the s-set with a fuzzy set, intuitionistic fuzzy set, and

terms and conditions of neutrosophic set. Vimala and colleagues [17] investigated the concepts of lattice-based ideals by
the Creative Commons
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license

integrating of $O-set and multifuzzy set. The ranking of airlines during Covid-19 using multi-fuzzy
50-set hybrid-based information was also covered by them [18]. The notions of $O-set are sometimes

. inadequate in many real-world scenarios where the parameters are to be further classified into their
(http://creativecommons.

org/licenses/by/4.0). corresponding parametric-valued disjoint sets. This kind of parameter partitioning is beyond the

capabilities of the current s-set model. To manage real-life settings, the hypersoft set (HyS-set) [19] is

designed to provide an acceptable s-set for subparametric disjoint sets. The researchers [20], [21]
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looked into the fundamental properties and operations of HyS-set to use it in various knowledge domains.

Many scholars have recently been interested in the mathbbHymathbbS-set as an emerging subject of study.
To deal with information-based dimensions, Musa et al. [22] expanded HyS-set to N-Hypersoft Sets. Some
forms of 50-set and HyS-set were introduced by Smarandache [23], [24]. The assessment of enterprise
strategic planning utilizing interval-valued neutrosophic HyS-sets was covered by Zaki and Ismail [25].
Trigonometric similarities between Pythagorean neutrosophic HyS-sets were developed by Ramya [20].
Arshad et al. [27], [28] examined real estate projects and Covid-19 mask grading using the notions of
interval-valued multi-fuzzy HyS-sets and interval-valued fuzzy HyS-set, respectively. Rahman et al. [29],
[30] used fuzzy parameterization with complex fuzzy HyS-set and possibly single valued neutrosophic
HyS-set environments to apply mathematical techniques to susceptibility to liver disorder and site selection
for solid waste management. Saeed et al. [31] used the notions of fuzzy HyS-set in graphs. Saeed et al. [32]
discussed the various basic notions of interval-valued fuzzy HyS-sets. Thsan et al. [33] employed a robust
technique to evaluate electronic appliances using an integrated version of the neutrosophic HyS$-set and

expert set.

In many mathematical disciplines, convexity and concavity are crucial concepts that offer vital resources
for analysis, optimization, and modeling. Understanding convex and concave functions is essential to
understanding how derivatives and integrals behave in the calculus domain. Convex functions are essential
in optimization issues where the goal is to determine the minimum of a function. They are distinguished
by the feature that the line segment joining any two points on the graph lies above it. Conversely, concave
functions, which have a reverse characteristic, are used in functions that maximize. Convex geometry goes
beyond the scope of calculus to investigate the characteristics of convex sets and how they are used in
operations research and linear programming, among other fields. In the field of the field of finance,
concave utility coefficients represent decreasing marginal returns, whereas convex inclinations represent
logical choices. Convexity and concavity are widely used in the mathematical sciences, emphasizing their
importance for comprehending and resolving a wide range of issues. Arshad et al. [34] and Rahman et al.
[35] investigated various aspects of classical convexity and concavity in refined neutrosophic and
intuitionistic fuzzy set environments, respectively. The researchers [35]—[40] studied the various
operational properties and results of classical convexity and concavity in $O-set and its set hybrids
environments. Rahman et al. [41] studied the set-based theorems and axioms of classical convexity and

concavity in HyS-set environment.

In this work, we develop (6, f)-convex and (6, f)-concave HyS-sets with their first and second sense
generalizations, drawing inspiration from the work presented in [41]. Here, (6, ) is a real number within a
closed unit interval and serves the same function as m in the classical definitions given in [42], [43]. The

rest of the paper is structured as provided in Frg. 7.

Some elementary terms are presented to
support main results.

The notions of (®,8)-convex and (®,B)-
concave HyS-sets are presented.

The generalization of (©,8)-convex and
(©,B)-concave Hys- sets in first and second
senses are described.

The paper is summarized and future
directions are discussed.

Fig. 1. Structural template of the paper.



2 | Preliminaries

This section reviews a few elementary terminologies regarding s-set and HyS$-set. In the remaining part,
I, U and I* will denote R™, the initial universe and [0,1], respectively. [1] If Fy: I — P(U) then the pair
g = (Fg, I) is called s-set where I denotes the collection of attributes. The collection of s-sets is denoted
by Q,. Some properties of s-set are stated below for proper understanding [6]. If $ & Q € Q, then

—
2516

€ Qif Fy w) € Fy w); forall w € L.
1. § U Qis stated as Fy ;g @) = Fg ) UFg ); forall w € L.
I § N Qis defined as Fy , g @) = Fy ) NFg ); forall w € L.

Please see [0], [7], [9], [11], [13], [15] for operations of s-sets [19]. If Fz:IP — P(U) then the set H =
(Fg, P) is known as HyS-set where P = Py X P, X Py X..... x P, and IP; are non-overlapping sets having
parametric values with respect to different parameters py, py, . ..., p,. Please see [20], [21], [27] for more
operational properties of IHyS-sets [41]. If 6 C U then the 6 — inclusion of a HyS$-set H is stated as H® =
[ € P:Fyg 1) 26} [41].

A HyS-set H on P is known as a convex HyS-set if Fg ax + 1-a)1) 2 Fy ) N Fyg 7); for all x, 7 € P
and a € I* [41].

A HyS-set H on P is known as concave HyS-set if Fyg ax + 1—a)1) € Fg x) U Fg 7); forall k, 7 € P
and a € I°.

3 | The (6, )-Convex and (0, g)-Concave HyS5-Sets

In this part of the paper, the (6, f)-convex and (6, f)-concave HyS-sets are characterized by following
the classical definitions from [42], [43] with partial modifications. The HyS-set H on PP is said to be
(6, B)-convex HyS-set if

Frg 091 + B(1 - 0)9,) 2 Fg 91) N Fg 9) for 81,9, € P, p € I* and 6 € (0,1]. 1)

The collection of all (6, f)-convex IHyS-sets is represented by ﬁc,.,ss. In this definition, the set IP is in
accordance with Definition 3()@. If H& Q € ﬁchss, then HNQ € ﬁchss.

Proof: Suppose that for 81,9, € P,and W = HN @, then
Fig 691 + B(1 - 0)32) = Fg 031 + (1 - 0)d2) N Fg 631 + (1 - 6)9,). @

ASE&@ Gﬁchss
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‘e Fg (69, + B(1 —0)9,) 2 Fr(¥,) N Fg(9,), ©)

Fiy 091 + (1 -0)9;) = Fr 09 + (1 -0)9) N Fg 09 + B(1-0)3,), )
BIG DATA
199 which implies
Fiy 091 +(1-0)3) 2 (Fg 91) N Fg 9)) N (Fg 1) N Fy 9y)), ()
and thus
Fi 091 + (1 - 0)9;) 2 Fiy w) N Fyy 97), ©)

He ﬁchss on IP iff for every 6 € I* and 0 € P(f[j), H° e ﬁchss on IP.

Proof: Suppose H € Qe 1f 91,9, € Pand é € P(f[j), then Fg(97) 2 8 and Fg(9,) 2 8

= TFg 9)NFg )20,

= Frnd +p1-0)9,) 2Fg ) NFx ) 239,

= Fpnd +p1-0)9,)250,

and thus H° € ﬁchss. Conversely, suppose that H’ € ﬁchss for every 0 € I*. For 9,,9, € P, H° is (6, f)-

convex with 6 = Fg(8;) NFg(9,). Since Fg 9;) 26 and Fr(9,) 25, we have 8, € H? and 9, €

A theoretical context for (0,3)-convexity and (0,3)-concavity with hypersoft settings

H = nd, +B1-0)9, e H.
Therefore, Fyg 19, +m 1—-6)9,) 2 Fg 9;) N Fy 9,), = H € Q, on P.

A HyS-set H on P is known to be (6, 8)-concave HyS-set if

Fr 09, + B(1 - 0)8,) € Fr 91) UFg 9,) for 91,9, € P, B € I* and 6 € (0,1]. ©



The pictorial representations of (6, f)-convex and (6, f)-concave HyS-sets are presented in Fg. 2.
Cartesian Product of Attribute-Valued — w
disjoimsmj/ / \- \
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Approximate Value of 1,
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Approximate Value of 68 V. + B (1-68) V), |

Model of B-concave hypersoft set ‘ ‘ Model of B-convex hypersoft set ‘

Fig. 2. Pictorial models of (0, f)-convex and (0, §)-concave Hy5-sets.

Ifﬁ & Q S ﬁwhss then ﬁ U @ S awhss.
Fyg 091 + B(1 - 0)8,) = Fyy 09, + (1 - 0)9,) UF5 69, +B 1 - 0)8,). ®

Proof: Suppose that for 9;,9, € P, and 6 € I* and W = HU Q. Then

Fg 69 +B(1 - 0)9,) € Fy $)U Fg 9). ©)
Fg 091 +B(1-0)8,) € Fg 91) U F %), (10)

Now, since H and Q are (6, B)-concave,
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Fgy 091 + (1 -0)3,) € Fy 91)UFg d)) U (]F@ d)u ]F@ Sz)). (11)
and hence

Fig 091 +B(1 - 0)d,) C Fig 9) U Fig 9) If H & Q € Qgonesthen I N Q € Qeopes. (12)
and thus

]FW 981 + ﬁ(l - 9)82) = ]Fﬁ 981 + 6(1 - 9)82) N ]F@ 981 + ﬁ 1- 9)82) (13)
Proof: Suppose that for 9,9, € P,and 0 € I* and W = Hn Q.

Now, since H and Q are (6, B)-concave

Frg 091 + - 0)d,) € Fyy 81)U Fig 9). (14)

and hence,
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Fyp 69; + B(L - 6)8,) € Fyg 81) UFg 9)) N (11:@ $1) U Fg sz)), (16)
and thus

Fig 097 + B(1 - 0)9,) C Fyg 9) U Fg 9,) If H € Qs then HE € Q. (17)

Proof: Suppose that for 9,9, € P, 6 € I*, and H be (6, B)-convex HyS-set.

Since H is (6, )-convex,
Fr 691+ p(1 - 0)9,) 2 Fy 91) NF 92), (18)
or

U\ Fry 08, + (L - 0)8,) € U\[Fy 8;) nFrg 8,)}. (19)
If Fy 9,) D Fyg 9,) then Fig 9;) NFy 9,) = Fy 9,) then, U\ Fyy 69, + B(1 - 0)9,) C U\ Fyg 9,).
If]FH \91) C ]Fﬁ 192) then ]FH \91) N ]FE:T 192) = ]Fﬁf[ 81),

Then we may write

U\ Fg 09 + B - 0)9,) c U\ Fg o), (20)
so we have
U\ Fg 09 + p(1 - 0)3,) € {U\F 9) U U\Fg )}, 1)

which shows that IHC is (6, f)-concave HyS-set.

IfHe awhss then H° € ﬁchss-

Proof: Suppose that for 9,9, € P, 6 € I*, and H be (0, B)-concave HyS-set.

Since H is (6, B)-concave,

Fg 091 + (1 - 0)d,) € Fy 91) UFE ), (22)
or

U\ Fg 09 + p(1 - 0)8,) 2 U\[Fr §;) UFg 9,)}. (23)

If Fig 9,) D Pz 9,) then Fig 9;) UFg 9,) = Fiy ) then, U\ Fg 69, + B(1 - 6)9,) 2 U\ Fy 9,).

If Fg 91) c Fg 9,) then Fg 91) UFR 9,) = Fy 9,), then we may write

U\Fg 09 + (1 - 0)9,) 2 U\ Fgg 3,), 24
so we have
U\ Fg 09 + B(1 - 0)8,) 2 {UFg 9;) N U\Fg ). (25)

So, He is (0, B)-convex HyS-set.

He ﬁwhss on [P iff for every 6 € I* and 6 € P(Iﬁ), H e ﬁwhss on IP.



Proof: Suppose that H is (8, 8)-concave HyS-set. If 91,9, € Pand § € p(f[j), then Fz(9;) 2 8 and
Fz(9,) 2 8 then Fz(9,) UF9;) 2 8. It can explored from (8, §)-concavity of H that

5 CF 91)NFy 9,) CFg nd; + 6 1-0)9,) C Fr 91) UFg 9y),

= 5 C Fg 09 + 6 1-0)9,),

VS -
= H° e Qcohss'

Conversely, let H? € ﬁwhss for each 0 € I*. For 9,9, € P, H? is concave with 6 = Fz 9;) U Fgg 9,).
Since Fig 91) €6 and F(9,) C 5, we have 9; € H® and 9, € H?, hence 69, + B1-0)%, € H. =
Fy 69, + B 1-6)9,) c H°.

Therefore, Fiy 09, + B 1 - 0)9,) C Fiz 9,) UF 9,), which proves the (6, 8)-concavity of H on X.

4 | The (0, p)-Convex and (6, f)-Concave HyS-Sets in First and Second

Senses
In this segment, two classical approaches, i.e., 1st and 2nd senses, which assign special conditions on

(6, B)-convex and (6, f)-concave HyS-sets, are investigated. The HyS-set H on P is called a (6, )-

convex HyS-set in the first sense if

Fg 691 + 1 - 0M)9;,) 2 F 91) N Fy 9y), (26)
for 94,9, € P, B €I* and 1, 0 € (0,1]. The collection of these sets is denoted by (ﬁchss)l. The HyS-set

H on P is called a (6, f)-convex HyS-set in a second sense if

Fig 091 +B(L - 0)197) 2 Fy 1) N Fz 9), @27

for 94,9, € P, p€1* and 1,0 € (0,1]. The collection of these sets is denoted by (ﬁchss)2 IfH&Q¢
(6Ch55)1 then H N (D € (6chss)1-

Proof: Suppose that for 91,9, € P, and W=HnNQ, then,
Fiy 091 + (1 - 0M)9,) = Fgz 69, + (1 -06M)9,)N IF@ 091 + p(L - 61)I,). (28)
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Since H & (D € (ﬁchss)ll

BIG DATA ]Fﬁ 681 + ﬁ(l - 6“)82) 2 IFﬁ Sl) N IFP‘ 82), (29)
Fg 09 + (1 - 0M9,) 2 Fg 91) N Fg 9y). (30)
0 9% 2 o V1 )
203
then
Fig 691 +B(1 - 009,) 2 (Fgg 9) N Fg 8)) (JFD )N Fg 32)), 31)
thus
Fyg 08 + (1 - 01)9,) 2 Fyy @) N Fyg 9y). (32)

Ifﬁ & (D € (ﬁchss)z then H N @ € (achss)z'
Proof: Suppose that for 81,9, € P, and W = HN Q. Then,

Fyg 691 +B(L - 6)19,) = Fyy 68, +B(1 - 0)19,) N Fs 69, + B(L - 6)19y). (33)

Since H & @ € (achss)za

Fr 091 + (1 - 0)13,) 2 Fg %) N Fg 3)). (34)

]F@ 091 + (1l - 0)13,) 2 ]F@ )N IPQ ), (35)
which implies

Fig 0%+ B - 0)'%,) 2 (Frs 900 Ty )0 (Fg 3 T 89)), 30
and thus

Fi 09 + (1 —-0)"9,) 2 Fy w) N Fiy 3,), (37)

He (ﬁchss)1 on P iff for every 6 € I* and 0 € T’(f[j), H € (fjchss)1 on PP.

Proof: Consider H € (ﬁchss)l. 1f 94,9, € P,and 6 € P(ﬁ), then [Fg 91) 2 6 and Fg 9,) 2 6. It follows
from (6, B)-convexity of H that
Fig 081 + § 1 - 0M)82) 2 By 91) NPy 85) = MP € (Qnes)!- (38)

Conversely, let H? € (55,155)1 forevery 6 € I*. For 94,9, € P, TS is (6, B)-convex for 0 = Fg 9;) N Fy 9,).

A theoretical context for (0,8)-convexity and (0,)-concavity with hypersoft settings

Since Fyg 91) 2 6 and F(8,) 3 0, we have 9; € H° and 9, € H?,

= 09 +p1-60M9, c H,

= ]F]T{’ nSl + ﬁ 1- 9”)82) 2 IFE Sl) N IFﬁ 82),

= He (ﬁchss)1 on P,

He (ﬁchss)z onlP & forevery @ € I* and 6 € p([ﬁ), H’ e (ﬁc,.,ss)2 on PP



Proof: Let I € (Qu)?. If 9,8, € P and 6 € P(U), then Fg 9;) 26 and F(9,) 3 3. The (6, )-

convexity of IH implies that
Fig 091 + B 1-0)18,) D Fr 91) NPy 9,) = H° € (Qepee)?. (39)

Conversely, let H? € ((’5,:,,55)2 for every 6el*. For 9,9, P, H® is (0,p)-convex for & =
Fi 9;) NFg 9,). Since Fyg 91) 2 6 and Fyy 9;) 2 6, we have 9, € H® and 9, € M?,

=09, +Bp1-0)19, € H,

= Fg 09+ B 1-0)1d,) 2 Fy 9) NFg 3)),

= H € (Que.)? on P.
A HyS-set H on P is known as (6, 8)-concave HyS-set in 1st sense if

Fg 09, + (1 - 0M)9,) € Fyy 81) UFy 9y), (40)

for every 84,9, € P, p € I* and 1, 0 € (0,1]. The collection of such sets is represented by (Qus)t. A
HyS-set H on IP is said to be (6, f)-concave HyS-set in 2nd sense if
Frr 091 + (1 - 0)19,) C Fg 1) U Fgg 95), (4D

for every 9,9, € P, g € I* and 7, 0 € (0,1]. The collection of such sets is represented by (ﬁwhss)z. If
]T_i & D € (5CO]‘ISS)1 then H N D € (ﬁcahss)l'

Fyg 69 + (1 - 67)8,) = Fyy 69 + B(1 - 61)8) N Fig 68, + B(L - OM)9,). 2)

Proof: Let for 8;,9, € P, and 8 € I* and W = HN Q. Then,

Since H& Q € (ﬁwhss)l, then

Fr 091 + (1 -0M9,) C Fyg 91) U Fg 9y), 43)

Fs 09, + (1 — 0M8,) € Fis $1)U Fig 9y). (44)
And

Fyy 08, + B(1 — 0M3,) € Fyy 81) Uy 8,)) N (]F@ 91) U Fg sz)), 45)
and thus

]FW 9191 + ﬁ(l — 97])192) - ]FW 191) U IFW 192) (46)

If H & O € (Qupee)? then HNQ € (Quyee)?

Proof: Consider for 9;,9, € P, and 8 € I* and W = HN Q. Then,
Fiy 091 + (1 - 0)19,) = Fig 091 + (1 - 0)19;,) N Fg 09 + Bl —0)13,). (47)
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Since H & ‘D € (acahss)zl

B1G DATA IFﬁ 681 + ﬁ(l - 6)“82) c IFﬁ Sl) U IFP’ 82), (48)
Fig 091 +B(1 - 0)19,) = Fg 03, + p(1 — 0)18,) " Fg 09, + B(1 — 0)19y), (49)
205 and
Fig 691 + B(1 - 0)19,) € (g 8,) UFpg ) N (IFD $1) U Fg sz)), (50)
and
Fyp 69; + B(L - 6)19,) € Fyg 1) U Fyg 9,). (51)

If H € (Qu.)? then HE € (Q0)?.
Proof: Let for 9,9, € P, 8 € I*, and H € Q)%

then,

Fir 091 +B(1- 0)19,) 2 Fr %) N Fg %), (52)
or

U\ Fg 09, +B(1-0)"8,) € U\[Fr %) N Fg $)}. (53)
If Fig 9;) O Fg 9,) then

U\ Fgy 091 + p(1 - 0)19,) € U\ Fg 9,). (54)
If Fig 9;) € Fgg 9,) then

U\ Fgg 691 + (1 - 6)18,) € U\ Fg 9y). (55)

From the above equations, we have
U\ Fg 091 + B(1 - 6)19,) € (U\Fg 81)) U (U\F 8,)) = H° € (Qepss)”. (56)

If H € (Quy)! then He € Q)1

Proof: Suppose that there exist 91,9, € P, 0 € I* and He (ﬁwhss)l.

then,
Fg 691 + p(1 - 0M)9,) C Fz 91) UFg 3)), (57)

A theoretical context for (0,8)-convexity and (0,)-concavity with hypersoft settings

U\ Fg 09, +B(1-0M38,) 2 U\[Fr %) UFg $)}. (58)

If Fg 91) D Fg 9,) then

U\ Fgg 69, + p(1 - 0M)8,) 2 U\ Fg 91). (59)
If Fg 91) ¢ Fy 9,) then

U\ Fg 09 + 1 - 0M9,) 2 U\ Fyg 9,). (60)
From Egq. (24) and (25), we have

U\ Frg 091 +B(1 - 0M9,) 2 (U\Fg 91)) N (O\Fgg $7)) = ¢ € (Qonss)s (1)

He ((/jwhss)l onlP & forevery 0 € I* and 6 € T’(ﬁ),ﬁé € (ﬁwhss)l on PP



Proof: Let I € (Quys,)'. If 91,9, € P and 6 € P(U), then Fyg ;) 26 and Fyg 9,) 2 6. The (6, f)-
concavity of H in 1st sense implies that

Fig 081 + B 1— 0M9,) C Fry 81) U Fg 9,) = HS € (Qconss)- (62)

Conversely, let H® € (ﬁwhss)l for every 6 €l*. For 9,9, €P, s is (6, B)-concave for 6=
Fg 9;) U Fg 9,). Since Fy 91) € 6 and F(9,) € 6, we have 9; € H® and 9, € H°,

:1’[\91 +ﬂ 1—677)‘92 S Hé,

= IFﬁ 1’1\91 +ﬂ 1-8”)192) cC o= IFﬁ \91) UIFE 192),

= H € (Qyee)! on P.

He (ﬁwhss)2 onlP & forevery @ €I* and 6 € T’(@),H‘S € (ﬁwhss)2 on P

Proof: Assume that H € (ﬁwhss)z. If 9,9, €Pand 6 € T’(U), then Fyg 9;) 26 and Fi(9,) 3 6. By
(6, B)-concavity of H, we get

Frg 091 + B 1-0)18,) CFy 91) UFg 8) = FP € (Qconss)® (63)

Conversely, consider H? € (Qu)? for every @€l*. For 9,9, € P, H € (Qu,)? for 6=
Fig 91) U Fg 9,). Since Fig 9;) € 6 and F5(9,) € 5, we have 9; € M® and 9, € M?,

=nd; +p1-0)19, € D,

= Fg 09 +p1-0)19,) C 5= F 9)U Fg 9,), (64)

= H € (Qugpes)? on P

5 | Conclusion
This study develops IHyS-sets that are (6, f)-convex and (6, f)-concave, as well as their generalized set-

axiomatic operations. Furthermore, to obtain more generalized versions of (6, f)-convex and (6, f)-

concave HyS-sets, several conventional techniques, namely first and second senses, are applied. In the

future, this study can be extended to uncertain settings to introduce various types of convexity, such as
triangular and graded convexity.

Data Availability Statement
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